Abstract: In this paper, we classify all finite irreducible conformal modules over a class of Lie conformal algebras W(b) with b ∈ C related to the Virasoro conformal algebra. Explicitly, any finite irreducible conformal module over W(b) is proved to be isomorphic to M ∆,α,β with ∆ = 0 or β = 0 if b = 0, or M ∆,α with ∆ = 0 if b = 0. As a byproduct, all finite irreducible conformal modules over the Heisenberg-Virasoro conformal algebra and the Lie conformal algebra of W(2, 2)-type are classified. Finally, the same thing is done for the Schrödinger-Virasoro conformal algebra.
Introduction
The notion of a Lie conformal algebra, introduced by Kac in [6] , encodes an axiomatic description of the operator product expansion of chiral fields in conformal field theory. It has been proved to be an effective tool for the study of infinite-dimensional Lie algebras and associative algebras (and their representations), satisfying the sole locality property [7] . The general structure theory, cohomology theory and representation theory have been developed in the literatures [1, 2, 3] . In particular, all finite irreducible modules over the Virasoro conformal algebra were classified in [2] using the equivalent languages of conformal algebras and extended annihilation algebras.
In the current paper, we aim to study conformal modules over a family of Lie conformal algebras W(b) introduced in [9] and classify all finite irreducible conformal modules over some Lie conformal algebras related to them. By definition, the Lie conformal algebra W(b) with a parameter b ∈ C is a free Lie conformal algebra generated by L and H as a C[∂]-module, and satisfying
(1.1)
It contains the Virasoro conformal algebra Vir as a subalgebra, which is a free C[∂]-module generated by L such that
Moreover, the Lie conformal algebra W(b) has a nontrivial abelian conformal ideal C[∂]H. Thus it is neither simple nor semisimple. In [9] , the Lie conformal algebra W(b) was called a W(a, b) Lie conformal algebra, because it is closely related to the Lie algebra W (a, b) with a, b ∈ C, which is a semidirect of the centerless Virasoro algebra and a intermediate series module A(a, b). In some special cases, the Lie algebras W (a, b) turn out to be subalgebras of many interesting infinite-dimensional Lie algebras, such as the W-infinity algebra W 1+∞ , the Block and the Schrödinger-Virasoro Lie algebras.
On the other hand, the Lie conformal algebras W(b) with b ∈ C contain some interesting special cases. For example, W(0) is actually the Heisenberg-Virasoro conformal algebra, introduced in [8] , whose cohomology groups with trivial coefficients were completely determined in [10] . Whereas W(−1) is isomorphic to the Lie conformal algebra of W(2, 2) type, whose structures were studied in [11] . Therefore, our results and methods can be directly applied to both of these two algebras. In addition, the Heisenberg-Virasoro conformal algebra is a subalgebra of the Schrödinger-Virasoro conformal algebra, which was introduced and studied in [8] leaving the problem of classifying all finite irreducible conformal modules unsolved. In this paper, this problem is also solved. We believe that our results and methods will be useful to the study of other non-semisimple finite conformal algebras. This is the main motivation to present this work.
The rest of the paper is organized as follows. In Section 2, we recall the notions of Lie conformal algebra, annihilation algebra and conformal module, and related known results. At the end of this section, we present the main results of this paper (see Theorem 2.8).
In Section 3, we first study the extended annihilation algebra of W(b) and then discuss the irreducibility property of all free nontrivial rank one W(b)-modules over C [∂] . Finally, we prove Theorem 2.8 and also obtain direct and beautiful applications to the Heisenberg-Virasoro conformal algebra and the Lie conformal algebra of W(2, 2) type. The method here is based on the techniques developed in [2] .
In Section 4, we further apply our results and methods to the Schrödinger-Virasoro conformal algebra and give a complete classification of all finite irreducible conformal modules over it.
Throughout this paper, all vector spaces and tensor products are over the complex field C. In addition, we use notations Z, Z + and C * to stand for the set of integers, nonnegative integers and nonzero complex numbers, respectively.
Preliminaries and main results
In this section, we recall basic definitions, notations and related results for later use, see [2, 6, 7] . Then we state our main results of this paper.
called the λ-bracket, and satisfying the following axioms (a, b, c ∈ A),
Let A be a Lie conformal algebra. For each j ∈ Z + , we can define the j-product a (j) b of any two elements a, b ∈ A by the following generating series:
Then the following axioms of j-products hold:
Actually, one can also define Lie conformal algebras using the language of j-products (c.f. [6] ).
The annihilation algebra of a Lie conformal algebra A is defined as follows. Let A = A⊗C[t, t −1 ]. For any at m := a ⊗ t m ∈ A, define ∂(at m ) = (∂a)t m and ∂ t (at m ) = mat m−1 , then we extend ∂ and ∂ t linearly to the whole A. Define
From (2.5), we can deduce that A is a Lie algebra with respect to (2.6). Set ∂ = ∂ + ∂ t . It can be verified that ∂ A is an ideal of A. Then
is also a Lie algebra. Denote a (m) = at m ∈ Lie(A). The Lie subalgebra Lie(A) + = span{a (m) | a ∈ A, m ∈ Z + } is called the annihilation algebra of A. The extended annihilation algebra Lie(A) e is defined as the semidirect product of the 1-dimensional Lie subalgebra C∂ and Lie(A) + with the action ∂(at n ) = −nat n−1 .
If V is finitely generated over C[∂], then V is simply called finite. If V has no nontrivial submodules, then V is called irreducible.
Since we only consider conformal modules, we shall simply shorten the term "conformal module" to "module".
Suppose that V is a module over a Lie conformal algebra A. An element v in V is called an invariant if A λ v = 0. Let V 0 be the subspace of invariants of V . Obviously, V 0 is a conformal submodule of V . If V 0 = V , then V is a trivial module, i.e, a module on which A acts trivially. A trivial module just admits the structure of a C[∂]-module. For a fixed complex constant a, there is a natural trivial A-module C a , such that C a = C and ∂v = av, A λ v = 0 for v ∈ C a . The modules C a with a ∈ C exhaust all trivial irreducible A-modules. Therefore, we shall only consider nontrivial modules in the sequel.
The following result is due to [7, Lemma 2.2]. From the discussions above, we get the following result immediately.
Lemma 2.4 Let A be a Lie conformal algebra. Then every finite irreducible A-module has no nonzero torsion element and is free of finite rank over C[∂].
Assume that V is a conformal module over A. We can also define j-actions of A on V using the following generating series
The j-actions satisfy relations similar to those in (2.5).
Hence, if we define
then V can be also viewed as a module over Lie(A) e . Conversely, given a module
where N is a nonnegative integer depending on a and v. Then V can be made into a conformal
The following result presents a close connection between the representation theory of a Lie conformal algebra and that of its extended annihilation algebra.
Lemma 2.5 [2] A conformal module V over a Lie conformal algebra A is precisely a module over Lie(A) e satisfying the property
at n · v = 0, n ≥ N,(2.
7)
for v ∈ V, a ∈ A, where N is a nonnegative integer depending on a and v.
Remark 2.6 By abuse of notations, we also call a Lie algebra module satisfying (2.7) a conformal module over Lie(A) e .
For the Virasoro conformal algebra Vir, it was shown in [2] that all free nontrivial Vir-modules of rank one over C[∂] are the following ones (∆, α ∈ C):
The module M ∆,α is irreducible if and only if ∆ = 0. The module M 0,α contains a unique nontrivial submodule (∂ + α)M 0,α isomorphic to M 1,α . Moreover, the modules M ∆,α with ∆ = 0 exhaust all finite irreducible nontrivial Vir-modules.
The following result was given in [9] . 
Denote the module M in Proposition 2.7 by M ∆,α (resp. M ∆,α,β ) if b = 0 (resp. b = 0). The following theorem is our main result, which will be proved in Section 3. 
Finite irreducible modules over W(b)
This section is devoted to proving the main theorem. Keeping notations in the previous section, we first study the extended annihilation algebra Lie(W(b)) e of W(b) and then discuss the irreducibility property of the modules given in Proposition 2.7. Based on these works, we finally give a complete classification finite irreducible modules over W(b).
Extended annihilation algebra of W(b)
In this subsection, we determine the extended annihilation algebra Lie(W(b)) e of W(b) and obtain some properties of Lie(W(b)) e for later use.
And the extended annihilation algebra Lie(W(b)) e = Lie(HV) + C∂, satisfying (3.1) and
Proof. By (1.1) and (2.4), we have
,
By definition, the extended annihilation algebra Lie(W(b)) e is the semidirect product of the 1-dimensional Lie subalgebra C∂ and Lie(W(b)) + with ∂ = −∂ t . Thus (3.2) follows.
The following result follows directly from (3.1) and (3.2).
where we use the convention that
The following simple facts follow directly from Lemma 3.1.
By the defining relations of L(b) in Lemma 3.1, we can obtain the following results immediately.
Lemma 3.5 For a fixed
Proof. It suffice to show the solvability of
0 ] for n ∈ Z + . In the case of b = 0, by Lemma 3.4, L(b)
In the case of b = 0, by Lemma 3.4, L(b) 
Irreducible rank one modules over W(b)
In this subsection, we discuss the irreducibility property of rank one W(b)-modules given in Proposition 2.7. This completes the proof.
Classification of finite irreducible W(b)-modules
Since W(b) has finite rank as a C[∂]-module, we get a stronger property of conformal modules over L(b).
Lemma 3.7 For a conformal module V over L(b) and an element v ∈ V , there exists an integer
Proof. By Lemma 2.5, V is actually a module over L(b) satisfying the following property: for each v ∈ V , there exist N 1 ≥ −1 and N 2 ≥ 0 such that:
Now we are in a position to prove the main Theorem of the paper.
Proof of Theorem 2.8. Suppose that V is an finite irreducible
. By Lemma 3.7, there exists some n such that V n is nontrivial, i.e., V n = {0}. Let N be the minimal integer such that V N = {0} and denote U = V N . Next we proceed the proof by discussing the possible values of N .
If
be the right (resp. left) multiplication by ∂ in the universal enveloping algebra of L(b). Using R ∂ = L ∂ − ad ∂ and the binomial formula, we have
Hence, V ∼ = M 0,α (resp. V ∼ = M 0,α,0 ) in the case of b = 0 (resp. b = 0). But M 0,α (resp. M 0,α,0 ) is a reducible module over W(b) by Proposition 3.6. This contradicts the irreducibility of V . 
varies because of b, we consider the following two cases.
By similar discussions as in the case of N = 0, V ′ is a submodule of V . Thus V ′ = V . The λ-action of W(b) on V is given by H λ u = 0 and
Hence, V ∼ = M ∆,α , which is irreducible by Proposition 3.6 (1).
Hence, V ∼ = M ∆,α,β . By Proposition 3.6 (2), M ∆,α,β is irreducible if and only if ∆ = 0 or β = 0. This completes the proof.
By Theorem 2.8, the following results are immediate.
Corollary 3.8 Any finite irreducible module of the Heisenberg-Virasoro conformal algebra over
where ∆ = 0 or β = 0. 
4 Classification of finite irreducible modules over the Schrödinger-Virasoro conformal algebra
In this section, we apply the results and methods in Section 3 to the Schrödinger-Virasoro conformal algebra, and classify all the finite irreducible conformal modules over it. The Schrödinger-Virasoro conformal algebra, introduced in [8] , is a finite Lie conformal algebra The maximal formal distribution Lie algebra corresponding to the Schrödinger-Virasoro conformal algebra SV is the Schrödinger-Virasoro Lie algebra, which was introduced in the context of non-equilibrium statistical physics during the process of investigating the free Schrödinger equations [4, 5] . By definition, the Schrödinger-Virasoro Lie algebra is an infinite-dimensional Lie algebra with a C-basis {L n , M n , Y p , n ∈ Z, p ∈ 1 2 + Z} and satisfying the following non-vanishing Lie brackets (m, n ∈ Z and p, q ∈
The corresponding annihilation algebra in this case is proved to be
which is a subalgebra of the Schrödinger-Virasoro Lie algebra. And the the extended annihilation algebra is Lie(SV) e = Lie(SV) + C∂ with
As in the previous paragraph, we have a filtration for Lie(SV) e of the form
) with the convention M −1 = 0. Similar to the arguments in
is also a central element by (4.4) and (4.6).
The following result is due to [8] . 
The module M ∆,α is irreducible if and only if ∆ = 0.
The following result shows that all finite irreducible SV-modules are free of rank one and thus of the kind in Proposition 4.1. Proof. Suppose that V is a nontrivial finite irreducible SV-module. It is also a conformal module over Lie(SV) e by Lemma 2.5. Using similar arguments as in the proof of Theorem 2.8, we can find a nonzero vector v such that
and L 0 · v = ∆v, M 0 · v = βv for some ∆, β ∈ C. Since L −1 − ∂ is a central element of Lie(SV) e , we can also prove that L −1 − ∂ acts on V by some scalar α ∈ C. We continue the proof by discussing the possible values of β. 
